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The object of this paper is to develop a sur-
face renewal model of the turbulent burst phenome-
non for momentum and energy transfer in the wall
region for turbulent boundary layer flows with
pressure gradient. In addition to obtaining inner
laws for the distributions in velocity and tempera-
ture, predictions are obtained for the effect of
pressure gradient on the mean burst frequency and
on the turbulent Prandtl number within the wall
region for slight favorable and mild adverse pres-
sure gradients.

1.  INTRODUCTION

Based on experimental studies of heat trans-
fer in turbulent boundary layer flow of air, three
conclusions have been put forth in the literature.
First, the turbulent Prandtl number Pr_ for bound-
ary layer flow of air is of the order Ef unity
across the entire inner region, such that the
simple Reynolds analogy (Pr, = 1) can be used as a
first approximation. Second, Pr_ apparently falls:
from a value higher than unity vgry close to the
wall to a nearly constant value of less than unity
in the turbulent core. In this connection, the
situation within the wall region has been judged
to be very vexing "because it is extremely dif-
ficult to make accurate measurements in this region
-and yet it seems evident that something interesting
and important is happening in the range of y* from
10 to 15" (1). Third, there appears to be a small
effect of pressure gradient. What was left unde-
cided in the Stanford studies is whether the high
values of Pr, noted in the viscous sublayer for
air are the result of molecular conduction losses
during the flight of eddies across the boundary
layer or result from some other aspect of the
mechanism of the sublayer bursting phenomenon (2).

The damping factor approach to modeling fluid
flow in the wall region was introduced in 1956 by
van Driest (3). For the development of this
approach, van Driest reasoned that the damping
effect of a stationary wall on a turbulent fluctu-
ating flow field should be similar to the effect
of a plate which oscillates in its own plane in a
stationary fluid. The momentum and initial-
boundary conditions for this Stokes type flow
were written as

u(o,y) = 0, u(t,0) = u, cos (wt), and u(t,=) = 0,
where u_ and w represent the amplitude and the
frequengy of the plate oscillation, and t is the
process time. The solution to this system of
equation is

= Y S
u u, exp (- a) cos (wt a) (2)
where a = +/2v/w. By dropping the unsteady
cosine term, van Driest concluded that the max-
imum amplitude of the motion diminishes with
distance from the plate by the factor exp (-y/a).
van Driest then reasoned that when the plate is
fixed and the fluid oscillates relative to the
plate, the factor [1 - exp (-y/a)] must be applied
to the fluid oscillation to obtain the damping
effect of the wall. Assuming that £ = xy in the
part of the inner region which is sufficiently
remote from the wall that the eddy motion is not
damped, van Driest proposed that the mixino lenath
be approximated by

2 = ky[l - exp(- -})] (3)

in the wall region. Introducing the dimensionless
wall parameters, this equation takes the form

+
o= ky' [ - exp (- x;)} (4)

where a'@ = J2u*/ G, With 2 given by Equation
(4), the dimensionless mean velocity distribution
within the inner region is represented by

= u - y / 0
u E — = 2]

(5)

wheie U* = /?b/p; /Ty = 1 for uniform free-
stream velocity. Based on a comparison between
mean velocity profiles computed with the aid of
Equation (5) (with « set equal to 0.4) and
experimental data for fully turbulent flow in a
pipe, van Driest empirically established a value
for at of 26.

This approach has been extended to boundary
layer flows with pressure gradient by Kays et al.



(2,4-6) and others. In the approach by Kays and
co-workers, T/T_ is approximated by the Couette
flow equation,

=1+ 0Py (6)

SUal

o]

for mild favorable and moderate adverse pressure
gradient flows and a* is taken as a function of P .
Based on a comparison of Equation (5) with experi-
mental data, the Stanford group recommended a cor-
relation for a~ of the form

+
i = .__,EEL___: (7)
1+7.10P

where b = 2.9 for P' > 0, b = 4.25 for P* < 0;
PT = (vdP/dx)/(pU*3). :

Attempts have also been made to develop damp-
ing factor type analyses for energy transfer in
the wall region. In this approach, the unsteady
one-dimensional (t,y) energy equation is solved
for the situation in which the surface temperature
of a plate oscillates in a thermally stationary
fluid. The damping effect of the wall on gy is
then inferred by discarding the unsteady terms in
the solution for the instantaneous temperature
distribution and by the use of several simplify-
ing assumptions. However, the resulting damping
factor formulations for eddy thermal diffusivity
ey (or turbulent Prandt]l number Pry) appear to
have inconsistencies and have not Eeen widely used
in analytical and numerical methods for analyzing
turbulent thermal boundary layers. Instead, Pry
is generally simply set equal to a constant of the
order of unity for fluids with moderate to high
values of Prandtl number Pr. The fact that an
artificial wall/fluid perspective is employed
appears to restrict the generality and usefulness
of the damping factor approach, especially in heat
transfer applications. In general, because the
major concern of turbulence model developers has
been with the hydrodynamics, relatively little
attention has been given to those aspects of tur-
bulence modeling which concerns heat transfer
directly (7).

Another approach to analyzing wall turbulence
has evolved over the past few years which involves
modeling the turbulent fluid flow and energy trans-
fer mechanisms within the large scale coherent
structures which are associated with the turbulent
burst phenomenon. Like the damping factor approach,
this surface renewal model treats wall turbulence
as an unsteady transport phenomenon. However, in
this approach to modeling turbulent transport
within the wall region, the fluid is taken as the
fluctuating or intermittent medium with the
relative velocity and temperature of the fluid at
the wall appropriately set equal to zero, and the
contribution of the unsteady fluctuating velocity
and temperature distributions to the mean profiles
are accounted for statistically. Furthermore,
this approach does not involve the use of mixing
length or turbulent Prandt]l number inputs within
the wall region. As pointed out by Reynolds (8),
the fundamental advantage of the surface renewal
approach is its relation to a specific and not un-
realistic picture of events in the viscous sublayer,

The object of this paper is to develop a sur-
face renewal model of the turbulent burst phenom-
enon for momentum and energy trnasfer in the wall
region for turbulent boundary layer flows with
pressure gradient. In addition to obtaining
inner laws for the distributions in dimensionless
velocity u and temperature T" , predictions are
obtained for the effect of pressure gradient P*
on the mean burst frequency s* and on the turbu-
lent Prandtl number Pr. within the wall region.
Because of its prominance in the literature and
because of its proven usefulness in characteriz-
ing the mean dimensionless velocity distribution
in the inner region for fully turbulent boundary
layer flows with pressure gradient, the van Driest
damping factor approach will be used as a standard
for comparison for the fluid flow aspects.

2.  ANALYSIS

In the present analysis, the surface renewal
model is used in the wall region and a classical
eddy diffusivity/mixing length approach is used
for the intermediate (overlap) region.

2.1 Wall Region

The instantaneous momentum and energy trans-

" fer occuring within a coherent large scale struc-

ture during the period of time between inrush and
ejection are approximated by

u 3 u 1 3P
o= vy -2 (8)
26 ayz P ax

2
aT 3 T
g ¢ —% _ (9)
1] 3y

where 6 is the age of the event, u(0,y) =U.,
u(6,0) = 0, u(2,yy,) = uy, T(0,y) = T, T(6,0)= 1,
and T(B,yH) =T, U; aHd T.i represeﬁt the distri2
butions in ve]ogity and temperature at the instant
of inrush, and u, and T,, represent the conditions
at the interface between the wall region and tur-
bulent core.

The equations are transformed into the mean
domain by introducing the age distribution con-
cept; that is,
u = [ ue(e,s)ds, T= [ Ts(e,5)ds

0 0

(10,11)

where the age distribution function ¢(5,s) is
defined such that the product ¢(3,s)de represents
the fraction of the coherent structures residing
within the wall region with age between & and
g+d8. The use of these equations and Danckwerts
(9) exponential age distribution,

#(8,5) = s exp(-6s) (12)

to transform Equations (8) and (9) and accompany-
ing initial and boundary conditions gives

— — 2-. P
s(u—Ui)=u-—2——— (13)



a1

(14)
dy2

SET = Ti) =

and u(o) = 0, u(yM) =3 T{O} = _0, and T(J’H) = T .

The solution to this system of equations is given
in terms of u* and T* by

+
ut = {u; sinh(y+/s+) + (U: - E;&[sinh{y;fs+)
& sinh(y+/s+) - sinh((y; - y+]¢s+}]}
—I—;’T (15)
sinh(y vs )
and
+ TO'T - + [+ + + /&
T = — = {THsinh{y s Pr) + Ti[sinh(yH s Pr)
(‘N
‘0

- sinh(y"/5*Pr) - sinh((y;—fjgg+pr)]}

(16)

]
sinh(yﬁ#s*Pr)

To close the ana1¥s1s, the modeling parameters s o
) Tr, Yj»_and yt must be specified. This
Eection.

-|,su9 9
step is taken in a Tater
2.2 Intermediate Region

+
Ana]yt1ca1 solutions can be obtained for u
and T* in the inner part of the turbulent core on
the basis of the classical approach by neglecting
the molecular viscous and conduction components of
the apparent turbulent stress and heat flux and by

employing Couette flow approx1mat1ons.
Taang these steps, an expression is obtained

for u™ as follows:
+AT

/T,
ut I— dy L= j dy + uJ

Ky yg y

"

|-

n

& [2(-A+F' 1) + hﬂ—-z%_y—i)] +¢c (17)
+

where F ])2
y+
=u +-—[2(1 A+p* +)+'ln—‘J—]

4yj

(18)

+
Similarly, an expression is obtained for T by
writing
T
AL Pr. 9"/q;

Ky J [ T

Setting Prt equal to Pr,__ in the turbulent core
and using “Couette flow approx1mat1ons, this
equation becomes

dyt + B (19)

Pr +

+ t= dy +

T = J ¥ T (20)
K y; y+-/{+P+y+

such that
Pr 4 i ish

T+ _ t -ll"l(i_'_- +P +-—1) +B (21)
K P Z+P|y +]

where
g Pri, (J4+P+yf+1)2

B=T, + n — (22)
J 5 4y .

J

Because Equations (17)-(22) only apply in the
Couette flow region where convective effects are
small, the use of these equations for favorable
pressure gradients (P* < Q) is restricted to the
close v1c1n1ty of the wall in which the term
1+ pt y 1is well above zero, Thus, the fact that
the terms involving 1 + P* y and 1 + P*y? can be
imaginary for favorable pressure gradien %s is of
no practical concern.

Based on experimental data x is set equal to
0.41 and Prt is approximated by 0.86. The condi-
tions uf ="u*(yt) and T? = (y§) are obtained
by 1nte;fac1ng Eq ations J(17) and” (21) with
equations for u* and T* that apply to the wall
region.

In the Timit as P approaches zero, Equations
(17) and (21) reduce to the familiar logarithmic
intermediate laws

weLlmmytec (23)
K
Pr
T=—my +p (24)
2.3 Model Closure
The hydrodynamic parameters U ;, and y
can be expressed in terms of s* and the othgr

independent varables by satisfying the Newton law
of viscous shear at the wall

du”

= at y+ =10
dy

= (25)

and by rsqu1ring continuity in du+/dy+ and

dzu /dy between Equations (15) and (17) at

J = y*. 1n addition, the parameter C associated
with  the intermediate region is evaluated by
maintaining continuity in u*. Because of the
scarcity of experimental data for mean burst
frequency ¥ for turbulent boundary layer flows
with nonzero pressure gradient, the approach used
by Kays and associates (2,4-6) in evaluat1ng the
damping parameter a* 1s used. That is, s* is
determined such that u* is in agreement with
experimental data in the intermediate region for
various values of P*. Using the damping factor
equation, Equation (5), to represent the experi-
mental data in the intermediate region, s¥ and
the other hydrodynamic parameters have been cal-



culated by algebraic elimination and numerical
iteration. Calculations are shown in Figure 1 for
s’ and C as a function of P*. The calculations for
u* obtained on the basis of Equations (15) and (17)
are shown in Figure 2. Calculations obtained on
the basis of the damping factor approach are also
shown. 4

With s and the other hydrodynamig character-
istics known, the thermal parameters Ti Tﬁ, yﬁ,
and B are evaluated by satisfying the Fourier law
of conduction at the wall,

+
QI; = Pr at y+ =0 (26)
dy
WA T I S e ¢
and by mg1nta1n1ng continuity in T, dT /dy and
d2T*/dy*% between Equations (16) and (21) at
y¥ = yfj. Calculations obtained for B and the

d“istribution 1in temperature T are shown in
Figure 1 and 3 for air (Pr = 0.72). Calculations
for Tt obtained on the basis of the damping factor
approach are also shown in Figure 3.

g B for air
£ (Pr = 0.72)

1 i L

l L A 1
=N.01 0 2.0 9.952 0.04 0.06

N T
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Figure 1. Calculations for s , C, and B.
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Figure 2. Calculations for u 1in the inner region.
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Figure 3. Calculations for T* in the inner region
for air (Pr = 0.72).

3.  DISCUSSION

As indicated in the previous section, the
Couette flow approximations employed in both the
surface renewal and damping factor analyses apply
within the inner region for adverse pressure
gradients and for very mild favorable pressure
gradients. For moderate to strong favorable
pressure gradient flows, convective effects are
significant within this important region. There-
fore, we will restrict our attention to adverse
(P* > 0) and very mild favorable (P* 2 -0.001)
pressure gradient flows for which the Couette
flow approximations are valid throughout the
entire inner region.

Referring to Figure 2, the calculations for
dimensionless velocity u* within the inner region
obtained on the basis of the present surface
renewal formulation .and the traditional damping
factor approach are seen to be in basic agreement.
Although P* has a noticable effect on the calcula-
tions for u* in the intermediate region, the
calculations for ut within the wall region are
essentially insensitive to changes in P* in the
range -0.001 to +0.01. The surface renewal and
damping factor relationships for u* are compared
with experimental data for P* equal to 0 and 0.01
in Figure 4. The small difference in calculations
for ut in the region y* ¥ 30 is within the data
scatter.

30~ e P20

o p¥=o0.m £°
o¢”
20 + DNamping factor qﬁ?
me thod o

Surface renewal

method
{} 1 !I_I_{ L llll L !l!‘
1 10 100 1000
Y

Comparison of predictions for ut with

Figure 4.
experimental data by Kays and Moffat(1).



The surface renewal calculations for dimen-
sionless temperature distribution T* shown in
Figure 3 are even less sensitive to changes in P*
than the calculations for ut. On the other hand,
calculations obtained on the basis of the damping
factor approach (with Pry specified by the equation
recommended by Kays and Erawford (2) - See Figure

6a) are quite sensitive to P*. (Calculations
obtained by the use of Pry = 1 are essentially the
same.) Surface renewal and damping factor calcula-
tions for Tt are compared with representative data
in Figure 5 for a mild adverse pressure gradient
flow. Whereas the surface renewal calculations are
in excellent agreement with these data, the damping
factor calculations lie about 16% too Tow. In
general, the profiles of T obtained by Kays and
Moffat (1) were reported to be less effected by
deceleration than the profiles for ut, which is
consistent with the present analysis

60 . P' =0.01
40 [ —— — Damning factor method
- Surface renewal method
, 3¢l
P" —
27 L
- 82
nl. o5~
(]- ol b0l
1 10 10 10002
v
Figure 5. Comparison of predictions for T+ with

experimental data for air (Pr = 0.72)

As indicated earlier, one of the benefits of
the surface renewal approach is that inputs are not
required for turbulent Prandtl number Pri within
the wall region. It follows that the surface
renewal approach provides a theoretical basis for
developing predictions for Pry in the important
wall region. To calculate Pry, we write

T/?o
e a ]
or, - Gt @
9%
art7ayt  Pr

where the Couette flow approximations_are used for
T/7o and g/qg (i.e.,Equation (6) and q"/q5 = 1).
Using Equations (15) and (16) for u* and T+

within the wall region, calculations for Pry are
compared with experimental data in Figures 6a and
6b for both zero and mild adverse pressure gradient
flows. Based on this analysis, the effect of an
adverse pressure gradient is to increase Pr¢ in the
wall region, with a maximum occuring in the vicin-
ity of y* = 40. Considering the.uncertainties in
experimental measurements for Priy within the wall
region, the surface renewal analysis is in reason-

ably good agreement with the data.

Referring to Figure 1, the calculations for
s increase very slightly with P*, As has pre-
viously been shown (10,11), the calculations for
s” are compatible with experimental measurements
of mean burst frequency for fully turbulent flows
with very small favorable and zero pressure gradi-
ents, Because U* decreases with increasing values
of P*, the predicted mean burst frequency ¥
actually decreases with increasing P*. To expand
on this point, predictions for s obtained on the
basis of the present analysis are compared in
Figure 7 with experimental data of Strickland and
Simpson (12) for a strongly nonequilibrium adverse
pressure gradient flow. Beacuse the surface renew-
al analysis was developed for near equilibrium
conditions, the calculations for s* generally lie
well above the data. But the predicted effect of
P* on s is consistent with the data.
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Figure 6a. Comparison of predictions for Prt with
experimental data by Blackwell “(6).
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Figure 6b. Comparison of predictions for Pr, with

experimental data by Strickland “and
Simpson (12).
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4.  CONCLUSIONS
A surface renewal model has been developed in 12

this paper for fluid flow and energy transfer
associated with the turbulent burst phenomenon for
turbulent boundary layer flows with slight favor-
able and mild adverse pressure gradients. The
ana1ys1s indicates that P* has little effect on u*
and T* in the innermost part of the wall region
(y* ¥ 30). In the outer part of the wall region
and intermediate region of a decelerating turbulent
flow field, u* 1ncreases and decreases with
increasing P¥, with T* being much less sensitive to
changes in p* than u*.

Predictions for the turbulent Prandtl number
within the wall region for air were found to
increase w1th jncreasing P*, with a maximum occur-
ing at y* = 40. This predicted increase in Pr¥
with Pt is in basic agreement with experimenta
measurements within the wall region. Based on this
analysis, it would appear that the h1gher va]ues of
Pry measured in the important region10 ¥ % 60
are primarily the result of unsteady transpnrt
associated with the turbulent burst mechanism with-
in the wall region.
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