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The development fa computer model for a two-dimensional round or slot jet plume is presented. 
The plume can be positively, negatively, or neutrally buoyant with respect to the ambient, and 
composed of heat d or cooled fresh or salty water. The ambient can be stratified or uniform in 
temperature, flowi g, stagnant, fresh or salty. Samples of computed trajectory and dilution are 
also presented as ell as comparisons with field data. 

Introduction 

Thermal and wast water effluents are frequently discharged into a receiving ambient via a 
diffuser. The prim ry purpose of this is to dilute the effluent. The most common diffuser shapes 
are assumed to be similar to a solitary round jet or a linear cluster of jets which approach an ideal 
slot. The discharg is most often hotter or equal to the ambient in temperature, but could be 
colder. Furthermo , the discharge and the ambient can contain varying amounts of salt. The 
discharge can eith r rise, fall, spread, or some combination of these. The trajectory as well as the 
final dilution is of i terest to the engineer. 

Most often such di charges are turbulent yet quasi-steady on a gross scale, although not on a 
local scale. A plum model is one alternative between developing an empirical correlation for the 
dilution and desti ation of the discharge and comprehensive three-dimensional numerical 
modeling of the lo lly unsteady turbulent mixing phenomena. The former requires a number of 
laboratory and pr totype tests which can be very costly; and the latter involves substantial 
computational exp nse. Various plume models have been developed. The distinctiveness of the 
present plume mo el are its simplicity and avoidance of classical errors. 

Model Assumptions 

In order to model discharge as a plume, there are several assumptions which are made: 

1. The plume is assumed to be a coherent structure which may pass through the ambient 
or the ambi nt through it, yet still retain properties distinct from the ambient. 

2. The plume a though subjected to small and large scale turbulence is assumed to be 
quasi-stead on a gross scale. 

1 



.. 
' . 

3. The plume i assumed to be a perturbation when compared to the ambient. 

4. The properti s of the plume are assumed to be characterized by average measures. 

5. It is assumed that the extent of the plume into the ambient and its distinctiveness from 
the ambient can be delineated by a boundary. 

6. The interacfon between the plume and the ambient is assumed to occur at the 
boundary a d be limited to entrainment. 

Although these assumptions may seem to be rather sweeping, it will be shown subsequently that 
meaningful, and e en surprisingly accurate, results can be obtained from such a model. The 
principle features f the plume and ambient are shown in Figure 1. 

Thermophysical Properties 

The density and pecific heat of a brine depend on the temperature and salinity. These 
relationships can b expressed by the following series: 

p T, s) = L L A /J ( _!_)' s J (1) 
. 100 

c (T,S)= L L a/J( _!_)'s J (2) 
. 100 

Equations 1 and are normal bi-variate polynomials. These were determined from a least­
squares curve-fit o ASHRAE tabulated data for NaCI brine. I addition to the least-squares fit, 
"knots" (constraine points of exact agreement) were "tied" at the points of maximum density and 
unity specific heat. The data cover a range of temperatures from 0 to 1 oooc and a salinity of 0 
to 0.26 (or 26 perc nt by weight). The density is in grams per cubic centimeter, and the specific 
heat is in calories per gram per degree C. the average and maximum errors with respect to 
tabulated data are and 9 parts per 100,000 respectively for the density of fresh water (S=O) and 
7 to 24 parts per 1 0,000 respectively for salinities up to 0.26. The corresponding errors for the 
specific heat are 3 , 118, 44, 177 parts per 1 00,000. 

Entrainment 

The entrainment elocity, G, has been computed in many ways by various investigators. 
Numerous relation hips exist in the literature. A simple and satisfactory relationship based on the 
densimetric Froud number, Fr, is given by Fischer, et al. 

( 1.62) 
Gslot= .0520 {IUp-Uai+IVp-Val) e Fr

1

·
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here Fr=~==w=== (3) 
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(1.43) 
Ground 0.0535 (IUp-Uai+IVp-Val) e Fr2 

here Fr=----;:::==w==== (4) 

gRIPa-Ppl 

Pa 

where UP and Ua a e the horizontal velocities of the plume and ambient respectively, Vp and Va 
are the vertical vel cities of the plume and ambient respectively, and pP and Pa are the densities 
of the plume and mbient respectively. R is the radius, b is the width of the plume, and g is the 
acceleration of gra ity. Equation 3 is used with slot jets and Equation 4 is used with round jets. 

While the entrain ent at the upper and lower or upstream and downstream boundaries of the 
plume are no dou t different, there is insufficient experimental information to separate the two. 
Furthermore, sep rating the two would be inconsistent with the assumed coherent structure, 
quasi-steady beha ior, and perturbatory effects; or "gnat-straining" when compared to the other 
assumptions. 

Internal Profiles 

It is common in plume analysis to assume that the internal density, salinity, and velocity take on 
some shape such s a Gaussian distribution with a maximum at the centerline and blending into 
the ambient at the boundary. This certainly seems like a reasonable assumption and what one 
would expect to se from a three-dimensional numerical model. Finding such a profile in the field 
downstream of a arge thermal plume, at least, is quite another matter (Mcintosh, Johnson, 
Speaks, and Unga e, and Howerton). 

Furthermore, pro lems arise with internal profiles when considering entrainment. If the 
entrainment is ass med to be proportional to the difference between the ambient velocity and the 
maximum velocity ithin the plume, then the average velocity within the plume will never equal 
the ambient veloci y, regardless of the duration of interaction. If the entrainment is assumed to 
be proportional tot e difference between the ambient velocity and the average velocity within the 
plume, then the e entual average velocity of the plume will equal the ambient. However, the 
maximum velocity ithin the plume will exceed the ambient velocity. This will occur even if the 
ambient must ace Ia rate the plume. This would imply that the ambient could increase the speed 
of the plume beyo d its own; which, of course, is impossible. 

Assuming an inter al profile within a plume is either an attempt to add extra information to or 
extract additional i formation from a model on a level of detail exceeding the limitations inherent 
in the assumption , the rewards of which are doubtful. 

Governing Equations 

The governing equ tions which are applied to this plume are: the conservation of mass, energy, 
and linear momen urn. When there is salt in either the discharge or ambient, it is necessary to 
have two conserv tion of mass equations (one for the water and one for the salt). These are 
Equations 5 and 6 respectively (refer to Figure 1 for details). 
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(5) 

(6) 

where W is the av1~rage velocity of the plume along the centerline, SP and Sa are the salinity of 
the plume and arr bient respectively, and Z is the centerline coordinate. The conservation of 
energy is applied ~ imilarly. 

d(EpPp Wb) _ 
---'--'-----'---'- - E a p a G (7) 

dZ 

where EP and Ea ~re the energy per unit mass of the plume and ambient respectively. The 
conservation of lin ~ar momentum is applied in two orthogonal directions: horizontal and vertical 
(indicated by X anc~ Y respectively in Figure 1 ). 

d(UPpPWb) _ 
-----'---'-----'---------'- - U a p a G ( 8) 

dZ 

d(V p Wb) 
P P V p G+fp -p )gb (9) dZ a a ~ a p 

Equations 5 throu~ h 9 apply to a slot jet. For a round jet these become: 

d(pP WrrR 2
) 

----'--'--------'c = p a G 2TT R 
dZ 

~(SpPp WrrR 2
) 

-+--'---'--"'--------'- = Sa p a G 2TT R 
dZ 

a(EpPp WbrrR 2
) 

---+-'--'----'-------'- = E a p a G 2TT R 
dZ 

c~(UpPp WrrR 2
) _ 

-+--'--'---'--------'C - U a p a G 2TT R 
dZ 

d(V p WrrR 2
) 

P ~~ - VaPa G2rrR+(Pa -pP)grrR 2 

The trajectory oft~e plume (XP,YP) is computed from Equations 15 and 16. 
dXP 
-=U 
dZ P 

dYP 
-=V 
dZ P 
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Solution of the Governing Equations 

These seven ordin ry differential equations (either Equations 5-9, 15, 16 for a slot jet or 10-16 for 
a round jet) descri e the behavior of the plume. In addition to these differential equations, it is 
necessary to pres ribe the initial conditions and the conditions of the ambient. Once these are 
known, the traject ry and dilution of the plume can be determined by solving the equations 
numerically. A sati factory method is 41h-Order Runge-Kutta. A limited geometric progression of 
the step size can e used to speed the process without loss of accuracy. 

In order to solve th equations it is necessary to obtain through an iterative process the secondary 
parameters. T P' SP and pP as these are implicit along with the primary parameters UP and V p· One 
algorithm for acco plishing this is to assume the previous values for TP and SP. This will then 
permit the calculat on of pP and EP. Dividing the integrands of Equations 6 by 5 and 7 by 5 yields 
SP and EP respect1 ely. These will not typically agree with the provisional value of SP and the 
computed value of EP based on the provisional values ofT P and SP. The provisional values of SP 
and T P must then b corrected until there is acceptable agreement. Successive substitution of SP 
and T P has proven atisfactory (noting that T P is essentially proportional to EP as the specific heat 
varies only slightly. 

Once this iterative recess is completed, the other plume parameters can be obtained. Dividing 
the integrands of E uations 8 by 5 and 9 by 5 yields UP and VP respectively. The trajectory follows 
immediately from quations 15 and 16. 

Common Pitfalls and Misconceptions 

First, it is always g od practice to solve differential equations in conservative form. In this case 
the primary integr nd should be the quantity being conserved. Specifically, mass, salt, energy, 
horizontal linear m mentum, and vertical linear momentum respectively. While it is possible to 
formulate different al equations in terms of the secondary or non-conserved quantities such as 
velocity, salinity, and temperature, it is neither necessary nor advantageous. Solution of the 
conservative form ssures conformance with the governing principles; whereas, the other does 
not. 

Second, the cons rvation principles should be imposed rather than a special case or subset. 
Three common illu trations are the "conservation" of buoyancy, volume, and temperature. Tatom 
explains the "cons rvation" of buoyancy: 

The concept o the conservation of buoyancy appears to have been approximately [34] 
years ago in th analysis of buoyant gas plumes in the atmosphere (Morton, Taylor, and 
Turner). As indi ated in that analysis, this conservation is actually an approximate form of 
the conservati n of energy equation, but for gases at atmospheric pressure it is quite 
sufficient... the onservation of buoyancy principle has been applied to buoyant plumes i 
water ... In this ituation, however, the derivation based on conservation of energy is quite 
tenuous ... the ffect on such an application is a basic loss of accuracy. 

5 



The "conservation' of volume is but a special case of the conservation of mass when density is 
constant; while th "conservation" of temperature is but a special case of the conservation of 
energy when bot the density and specific heat are constant. Neither simplification can be 
appropriately appli d to plumes. Furthermore, it is simply not necessary; and, in fact, complicates 
the equations wh n numerical methods are available. As Tatom points out, there is some 
simplification deri ed from the "conservation" of buoyancy when limited to analytical means; 
however, the adv nt of digital computers eliminates any such advantage. 

The previous re arks are from a theoretical perspective. From a practical perspective, 
comparisons perf rmed by the author and Frank Tatom of several models based on the 
conservation form lation and the "conservation" of buoyancy, volume, and temperature revealed 
moderate differen es for thermal plumes in water except under extreme temperature gradients. 
Tatom gives seve I figures and tables for various cases. It could certainly be argued that these 
errors introduced n the formulation are minor in comparison to those introduced by the basic 
plume assumptions. However, these are unnecessary and provide no simplification. 

Comparison with Laboratory and Field Data 

Figure 2 shows th upstream temperature profile in a moderately deep reservoir (15 meters) 
under nearly unifo m conditions at six-hour intervals over a period of four days. Figure 3 shows 
the upstream profiles five months later under strongly stratified conditions. Figure 4 shows the 
temperatures at t e same location two days later after mixing occurred in the upper layer. 
Figures 5 and 6 s ow the river flows during the same periods. The difference between the river 
temperature at th 1.5 meter depth downstream of the diffuser and upstream as measured and 
computed by the lume model for these periods is shown in Figure 7 through 9. The 1.5 meter 
depth is compare as this is the point of compliance with thermal water quality standards, and 
thus the focal poin of field studies and continuous monitoring. The calculations were performed 
at one-hour interv Is using 15-minute running average data and assuming steady-state behavior 
during each interv I. 

The agreement be een the plume model and measurements over this period when the upstream 
stratification was hanging, as was the river flow and discharge temperature is quite good. It is 
highly unlikely that such close "tracking" could arise from a synergistic combination of mutually 
cancelling errors. 

Figure 10 shows t e agreement between the plume model and measurements for a range of 
dilutions. Figure 1 shows both laboratory and prototype data. The difference in scale between 
the laboratory and prototype was 90:1. These data are from Mcintosh, et al. and Ungate et al. 

Sample Trajectories Asymptotic Behavior 

Figures 11 and 12 show the computed trajectory of the plume centerline for a range of ambient 
river flows. Figure 1 is for a positively buoyant thermal plume and Figure 12 is for a negatively 
buoyant salty plu e. 
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Figures 13 throug 15 show the asymptotic behavior of the computed dilution of the plume for 
Froude numbers f 1, 10, and 100 respectively. Here a thermal plume is discharged upward into 
an infinite, unifor , stagnant ambient. Also illustrated in these figures are the results of three 
analytical method (Almquist, Cedarwall, and Roberts). The plume results agree well with 
Cedarwall and lie etween the results of Almquist and Roberts. 

Summary 

The development fa two-dimensional plume model for a round or slot jet has been presented. 
The formulation o this model is based on the conservative form of the governing equations. The 
model can handle ombinations of heated and salty discharges and flowing ambients. The model 
results compare f vorably with laboratory and field data. When confined to an ideal thermal 
plume, the asymp otic behavior of the model agrees well with an analytical method. 
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Symbol 
b 
E 
Fr 
g 
G 
p 
R 
s 
T 
u 
v 
w 
X 
y 
z 

Nomenclature 

Mean in 
plume idth perpendicular to the centerline 
specific energy 
Froude Number 
gravitat onal acceleration 
entrain ent velocity 
density 
plume dius perpendicular to the centerline 
salinity salt fraction by weight) 
temper ture 
horizon al velocity 
vertical elocity 
magnit de of the velocity 
horizon al coordinate 
vertical coordinate 
centerli e coordinate 

Subscripts 
a ambien 
p plume 
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Figure 1. Pume Element 
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Figur 2. Upstream Temperature Profiles (December 28&29, 1980) 
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TEMPERATURE [oF} (each set shifted by 1DoF and 6 hours) 

F gure 3. Upstream Temperature Profiles (May 5&6, 1981) 
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F g'ure 4. Upstream Temperature Profiles (May 7&8, 1981) 
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Figure 5. River Flow (December 28&29, 1980) 
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Figure 6. River Flow (May 5-8, 1981) 
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Figure 7. Plant-Induced Rise (December 28&29, 1980) 
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Figure 8. Plant-Induced Rise (May 5-8, 1981) 
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Figure 9. Plant-Induced Rise (May 7&8, 1981) 

~2 

~ 
~ 

0 !'lol 
i51 0 

~ 0 

..-; 
~ 0 0 

0 0 

~1 Jbo 

8 

10 15 20 25 
MEASURED DILUTION 

Figure 1 Oa. Comparison of Plume Model and Lab Data 
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igure 1 Ob. Comparison of Plume Model and Field Data 
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Figure 11. Computed Thermal Plume Trajectories 
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Figure 12. Computed Saline Plume Trajectories 
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omparison of Plume and Analytical Models (Froude Number= 1) 
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Figure 14. omparison of Plume and Analytical Models (Froude Number = 1 0) 
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Figure 15. omparison of Plume and Analytical Models (Froude Number : 1 00) 
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